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a b s t r a c t
Aeroelastic flutter is a dangerous failure mode, and aircraft structural components are designed under a
deterministic flutter margin. Meeting this safety factor may result in overly-conservative structures,
however, an alternative approach incorporates uncertainties into the computational models, and
imposes a maximum allowable flutter probability during the optimization process. This technique is
demonstrated for the variable-thickness design of an elastic panel subjected to supersonic flow. A
performance measure approach based on the first-order reliability method incorporates probabilistic
flutter constraints during the search for a minimum-mass panel. Optimization results are given for
uncertainties in the panel's boundary conditions, and for non-deterministic thickness design variables.
Published by Elsevier B.V.
1. Introduction
The design and optimization of aerospace structures typically
reflects a strong conflict between the continual desire to lower
vehicle weight and cost, and requirements for a certain level of
safety and reliability. Aeroelastic flutter, wherein a certain phasing
of elastic, inertial, and aerodynamic loads causes a structure to
oscillate in an unbounded manner (i.e., dynamically unstable), is of
particular concern from a safety vantage point. The flutter speed
occurs at a Hopf-bifurcation: the system damping characteristics
are such that, at flight speeds even slightly above this point, the
structural deformation may grow to unacceptably dangerous
levels within a few vibration cycles [1]. Clearly, aerospace struc-
tures must be certified to operate in a manner that is free of flutter.
The abrupt and explosive nature of flutter necessitates a safety or
flutter margin (15% for U.S. military aircraft [2]). During an
optimization search for low-mass (and inevitably, low-stiffness)
structures, it seems likely that satisfaction of this constraint
margin will drive the design process.
Designing an aeroelastic structure under a pre-determined
flutter margin is hardly the most efficient method for exploiting
the tension between weight and safety, particularly in light of the
inherently uncertain environment that these structures operate
within. As reviewed by Danowsky et al. [3], geometry, inertial,
material, and damping properties, flow conditions, surface rough-
ness, and mechanical joint properties are all identified as critical
sources of uncertainty. These uncertainties may be directly incor-
porated into the computational aeroelasticity model (provided
they are parameter-based aleatory uncertainties), and the deter-
ministic constraint upon the flutter margin (15%, e.g.) may be
replaced by a constraint upon the probability that the structure
will flutter: a probability of failure. The resulting reliability-based
design optimization (RBDO) problem built upon risk-based con-
straints can help avoid the ultimate production of inefficient,
overly-conservative vehicles.
The most popular methods in the literature for quantifying the
probabilistic behavior of aeroelastic systems are sampling-based
schemes. Traditional Monte Carlo-based simulation is typically too
expensive on its own (though examples are given by Lindsley et al.
[4] and Yi and Zhichun [5]), but it may be outfitted with various
approximation methods in order to reduce the cost. These include
response surface methods [6–8,3], stochastic projections [9–12],
and reduced order modeling [13,14,3]. The focus of the current
work is on aeroelastic structures with a very large number of
design and/or uncertain parameters; analysis methods built upon
approximation/expansion concepts typically become infeasible for
high-dimensionality problems.
Perturbation methods are well-suited for these types of pro-
blems, however: the most popular is the first-order reliability
method (FORM) [15]. General perturbation methods for quantifi-
cation of aeroelastic uncertainty are utilized by Liaw and Yang [16]
(mean-centered second moment method) and Castravete and
Ibrahim [17] (Karhunen–Love expansions), while FORM is specifi-
cally used by Yang and Nikolaidis [18] and Verhoosel et al. [19].
FORM estimates the probability of failure Pf by locating the most
probable point (MPP) along a failure surface transformed into the
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independent standard normal random space. In this space, the
distance between the origin and the MPP is the reliability index β.
The failure probability is then approximated as Pf¼Φ(−β) (where
Φ is the cumulative distribution function (CDF) of the standard
normal distribution), which is exactly true if the failure surface is
linear and the random variables are jointly normal; errors are
introduced otherwise [15].
FORM provides the probability that an aeroelastic design will
fail (flutter, in this work), and the analytical sensitivity of Pf can
then be computed with respect to a large number of design
variables, facilitating a gradient-based RBDO. This is demonstrated
in the work of Yang and Nikolaidis [18], Pettit and Grandhi [20],
Allen and Maute [21,22], Nikbay et al. [23], and Stanford and Beran
[24], which address important aeroelastic issues such as gust
response, aileron effectiveness, aerodynamic efficiency, elastic
stresses, and limit cycle oscillations; none include flutter instabil-
ities. In an optimization context, FORM may be implemented using
either a reliability index approach (RIA) or a performance measure
approach (PMA) [25], where the latter is known to be more robust
and efficient, particularly when the random variables are not
normally distributed [26].
The aeroelastic system considered here is well-known: flutter
of a rectangular panel with supersonic flow over the top surface.
Important early work in this subject is given by Dowell [27], and a
more recent review of the panel literature is given by Mei et al.
[28]. Specifically, it is desired to parameterize the thickness
distribution throughout the plate, and minimize its mass under a
probabilistic flutter constraint. For deterministic problems, this
problem (or a close variant: maximize the flutter speed under a
mass constraint) has been studied in the literature: Weisshaar
[29], Peirson [30], Van Keuren and Eastep [31], Beiner and Librescu
[32], and Barboni et al. [33]. An additional issue related to
gradient-based flutter optimization (reliability-based or other-
wise) is the potential discontinuity in the design space posed by
flutter mode switching. The current work uses the frequency-
separation method advocated in Refs. [34,35], though aeroelastic
damping-based methods have been utilized as well [36].
This work will assess the impact of a risk-based flutter
constraint upon the thickness distribution and the minimum
attainable mass. This is done for non-normally-distributed uncer-
tain boundary conditions (separate random variables and deter-
ministic design variables) and uncertain thickness distributions
(non-deterministic design variables).
2. Panel flutter
The aeroelastic panel considered in this work is seen in Fig. 1.
Both the length (chord) and the width of the square panel are a,
and the uniform baseline thickness is ho¼a/190.5. The panel is
discretized into 3200 triangular finite elements, and as will be
discussed below, the thickness of each element is allowed to
increase or decrease by some percentage of ho during the optimi-
zation process. The plate is pinned (simply supported) along all
four edges, and torsional springs are attached to each finite
element node along the boundary, as seen in Fig. 1(b). If the
spring stiffness is high, a clamped boundary condition is emulated.
The upper surface of the panel is subjected to supersonic flow
(flow density ρ∞, flow velocity U∞, and Mach number M∞41)
traveling along the x-axis.
2.1. Equations of motion
The transverse deflection w of the (uniform thickness) plate is
given as [27]:
D⋅∇4w þ ρm⋅ho⋅
∂w
∂t
¼ ρ∞⋅U
2
∞ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2∞−1
q ⋅ ∂w
∂x
þM
2
∞−2
M2∞−1
⋅
1
U∞
⋅
∂w
∂t
 !
ð1Þ
where ρm is the density of the plate, t is time, and the bending
stiffness is given by D¼ E⋅h3o=ð12⋅ð1−ν2ÞÞ, where E is the elastic
modulus and ν is Poisson's ratio. Corrections for lower Mach
numbers are given in the aerodynamic terms on the right side of
Eq. (1); for M∞ much larger than unity, these terms coincide with
the linear first-order piston theory originally given in Ref. [37].
The plate is then discretized into a series of planar triangular
finite elements, as seen in Fig. 1. Three transverse degrees of
freedom w ∂w=∂x ∂w=∂y
n o
are assigned to each node (at each
element vertex), which are then assembled into a global vector of
unknowns, u. In keeping with a simply-supported boundary
condition, displacements (w) along the edge are assumed to be
zero, and are thus removed from u. Eq. (1) can be converted into
finite element form via the usual methods [38], and the result is
M⋅ €uþ C⋅ _uþ ðK þ KsÞ⋅u¼ Fðu; _uÞ ð2Þ
M is a consistent mass matrix and K is a stiffness matrix (discrete
Kirchhoff triangle [38] plate bending elements) obtained by
assembling over each finite element (e):
K ¼∑
e
ðKe⋅h3e Þ M ¼∑
e
ðMe⋅heÞ ð3Þ
where he is the thickness of each finite element, and Ke andMe are
the elemental matrices associated with a unit-thickness plate. Ks is
an additional stiffness matrix which reflects the contribution of
the torsional springs along the plate boundary. This matrix is very
sparse, with non-zero nodal stiffness only along the diagonal,
corresponding to ∂w/∂x (leading and trailing edge) or ∂w/∂y (plate
sides) degrees of freedom at nodes along the plate edges:
Ks ¼ ∑
nLE ; nTE
kn⋅
0 0 0
0 1 0
0 0 0
2
64
3
75
0
B@
1
CAþ ∑
nsides
kn⋅
0 0 0
0 0 0
0 0 1
2
64
3
75
0
B@
1
CA ð4Þ
where kn is the stiffness of each torsional spring, and nLE, nTE, and
nsides are the finite element nodes along the leading edge, trailing
Fig. 1. Aeroelastic panel geometry and finite element discretization (a), and close-up of simply-supported boundary conditions with torsional springs attached to each
node (b).
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edge, and plate sides, respectively. The structural damping matrix is
assumed to be proportional damping, given as C¼αc M+βc  (K+Ks),
where αc and βc are mass- and stiffness-proportional constants.
It should be noted that neither the effect of C nor Ks are included
in Eq. (1).
Via the right-hand-side of Eq. (1), the aerodynamic pressure is
assumed to be spatially-constant within each finite element:
pe ¼
ρ∞⋅U
2
∞ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2∞−1
q ⋅ 0 1 0 0 1 0 0 1 0
 
⋅ue=3þ
M2∞−2
M2∞−1
⋅ 1U∞ ⋅ 1 0 0 1 0 0 1 0 0
 
⋅ _ue=3
0
@
1
A
ð5Þ
where ue are the 9 degrees of freedom associated with each
triangular element, and _ue is the time derivative of that vector. It
is noted that airloads over the panel only react to structural
deformation (ue) and deformational velocity ð _ueÞ; additional aero-
dyanmics due to the thickness variations considered below are
ignored. This is perhaps justified by assuming a thin flat foam layer
is sealed to the top of the metallic panel, forming an outer mold
line which ultimately communicates with the flow.
A work-equivalent aerodynamic force vector for each element
is computed as
Fe ¼−pe⋅Ae⋅ 1 0 0 1 0 0 1 0 0
 T
=3 ð6Þ
where Ae is the area of each element, and the negative sign is
indicative of the fact that positive aerodynamic pressure on the
top surface will push the structure downward. The global force
vector may be computed by assembling over each finite element,
written as a linear combination of u and _u:
Fðu; _uÞ ¼∑
e
ðFeÞ ¼
ffiffi
λ
p
⋅Ca⋅ _uþ λ⋅Ka⋅u ð7Þ
The aerodynamic stiffness and damping matrices are assembled as
Ka ¼ −D9⋅a3 ⋅∑e
ðAe⋅ 1 0 0 1 0 0 1 0 0
 T
⋅ 0 1 0 0 1 0 0 1 0
 Þ ð8Þ
Ca ¼ −ρ∞⋅ðM
2
∞−2Þ
9⋅ðM2∞−1Þ3=2
⋅
D⋅
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2∞−1
q
ρ∞⋅a3
0
@
1
A
1=2
⋅∑
e
ðAe⋅ 1 0 0 1 0 0 1 0 0
 T
⋅ 1 0 0 1 0 0 1 0 0
 Þ ð9Þ
The aerodynamic pressure parameter is defined as [27]
λ¼ ρ∞⋅U
2
∞⋅a
3
D⋅
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2∞−1
q ð10Þ
The equations of motion, Eq. (2), of the aeroelastic panel can
then be written as
M⋅ €uþ ðC−
ffiffi
λ
p
⋅CaÞ⋅ _uþ ðK þ Ks−λ⋅KaÞ⋅u¼ 0 ð11Þ
A characteristic frequency of Eq. (11) (the first un-damped bending
vibration frequency) is
ωo ¼ 2⋅π2⋅
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D=ðρm⋅ho⋅a4Þ
q
ð12Þ
and the mass ratio of the aeroelastic system is
μ¼ ρ∞⋅a=ðρm⋅hoÞ ð13Þ
Defining the vector q¼ uT _uT
n oT
, Eq. (11) may be placed in
standard first-order form
I 0
0 M
 
⋅
_u
€u
 
¼
0 I
−K−Ks þ λ⋅Ka −C þ
ffiffi
λ
p
⋅Ca
" #
⋅
u
_u
 
ð14Þ
A⋅ _q¼ B⋅q ð15Þ
An eigenproblem based on Eq. (15) is written as
ðB−βk⋅AÞ⋅ψRk ¼ 0 ð16Þ
where ψRk is the right eigenvector associated with the kth eigen-
value βk, both of which, in general, will be complex.
For the results given below, μ/M∞¼0.1 and the damping
parameters are set as αc¼10 s−1 and βc¼10−4 s. It should be noted
that the parameters used to define the global behavior of the panel
(D, λ, ωo, μ) are always computed with the baseline uniform
thickness ho, despite the fact that, during structural optimization,
the thickness of each individual element (he) is allowed to deviate
from this value. Finally, the equations of motion as written in this
section consider only half of the panel geometry in Fig. 1, with
symmetric boundary conditions assumed along the centerline
(∂w/∂y¼0). In a stochastic environment, random asymmetries in
the panel structure are likely, thus weakening this assumption. For
the reliability-based methods however, the MPP will only reflect
an asymmetric structure if some variability is assumed in the
flow vector (i.e., a random yaw angle), which has not been
considered here.
2.2. Direct flutter computations
Flutter is defined as a loss of dynamic stability of the equations
of motion (Eq. (15)) about an equilibrium solution. For this work,
because the angle of attack of the flow vector is zero, and because
the panel has no curvature (camber), the equilibrium solution is
the trivial vector: qe¼0. Flutter occurs at a Hopf-bifurcation point:
for increasing values of λ (since flow speed and Mach number are
treated separately, this is an unmatched analysis), a pair of
complex conjugate eigenvalues βk of the system cross the imagin-
ary axis. Defining the aeroelastic damping of each mode as gk¼Re
(βk), the system loses stability (perturbations grow exponentially
with time) via flutter when gk of any mode becomes positive [1].
The damping of the composite response, G, corresponds to the
eigenvalue with the largest real part (the most unstable mode):
G¼max(gk). The flutter point is the point where G¼0, and occurs
at λ¼λn; the imaginary portion of this critical eigenvalue at λn is
the flutter frequency, ωn.
This process is demonstrated in Fig. 2 for a panel with a
uniform thickness ho and no torsional springs around the panel's
perimeter (simply-supported), where it is understood that only
the positive imaginary portions of each complex conjugate are
shown. The eigenvalues at λ¼0 (wind off) are the uncoupled
vibration eigenvalues of the system, and Re(βk) is entirely gov-
erned by the structural damping C. The imaginary part of the first
eigenvalue at this point is equal to ωo, and so the normalized
quantity is unity. The damping of each mode becomes more stable
as the flow is increased until λ¼320, at which point the damping
of the first mode becomes less stable. The flutter point λn is located
at 533.9 (which matches well with the value plotted by Dowell
[27] for a simply supported panel), and is characterized by a
coalescence of the imaginary portion of the first two modes.
Several methods can be used for locating the flutter point in a
direct manner (i.e., as the outcome of a process): most require an
initial guess for λn. This can be obtained by a λ-marching method: λ
is set to 0 and the eigenvalues βk (Eq. (16)) are computed. If
G¼maxðRe ðβkÞÞ is less than 0, λ is augmented by some Δλ, and the
process is repeated until G becomes positive. Provided that Δλ is
not too large, the value of λ at which this occurs should be a
reasonable approximation to λn. The repetitive eigenvalue compu-
tations during the search for λn can be very costly however,
particularly if Δλ is of a moderate size. In an optimization context,
the process may be conducted just once for the initial baseline
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design: a subsequent design iterate may use the previous design
iterate's flutter point as an initial guess. It will be shown however,
that eigenvalue information is needed in the range 0≤λ≤λn to
stabilize the flutter optimization problem, and so this λ-marching
process is conducted for every design iterate.
Direct schemes for flutter point computations have been
proposed in Refs. [39,40] using Hopf-point expansions, and in
Ref. [41] using inverse power methods with shifting. A simpler
method is utilized here by tracking the position of the least stable
eigenmode, and uses Newton's recurrence formula to drive G to
zero:
λnþ1 ¼ λn−ω⋅ð∂G=∂λÞ−1⋅GðλnÞ ð17Þ
where n is the iteration number. Solving the eigenproblem Eq. (16)
at the current iterate λn provides G(λn), which is the damping of
the least stable mode (if the λ-marching process detailed above is
used, G(λ0) will be positive). The right and left eigenvectors may
also be obtained ðψRk ; ψLkÞ, and the derivative of the eigenvalues
with respect to λ is computed as [42]
∂βk
∂λ
¼ ðψ
L
kÞT ⋅ ∂B∂λ −βk⋅ ∂A∂λ
	 

⋅ðψRk Þ
ðψLkÞT ⋅A⋅ðψRk Þ
¼ ðψ
L
kÞT ⋅ ∂B∂λ ⋅ðψRk Þ
ðψLkÞT ⋅A⋅ðψRk Þ
ð18Þ
where it can be seen in Eq. (14) that A has no dependence on λ (∂A/
∂λ¼0). The damping slope ∂G/∂λ needed in Eq. (17) is computed as
Re(∂βk/∂λ), with the mode number k corresponding to the least
stable mode.
The region of convergence of Eq. (17) is wide above the flutter
point (λn4λn, where the unstable mode is clearly distinguished
from the others, as seen in Fig. 2), but narrow below λn. As such, an
under-relaxation factor ω is typically needed to prevent overshoots
that may drive the approximation well below the flutter point.
Upon convergence of this system: λ-λn, ω-ωn, βk-β
n
k , ψ
R
k-ψ
Rn
k ,
and ψLk-ψ
Ln
k . It is unnecessary to compute eigenvalue information
for mode numbers k other then the least stable mode during
the recurrence of Eq. (17). This information is needed for the
optimization however, and can be computed by re-solving
Eq. (16) at λn.
2.3. Sensitivity analysis
Relevant constraint-metrics for the RBDO studies given below
are the flutter speed λn, as well as the eigenvalues βk for flow
speeds in the range 0≤λ≤λn. A large number of random and design
variables are considered here, necessitating analytical sensitivities
of these metrics for both the reliability analysis (FORM) and the
gradient-based optimization process. These are needed with
respect to the thickness of each finite element he and the stiffness
of each torsional spring kn. Derivations in this section are
with respect to the thickness design variable vector
x¼ h1 h2 ⋯ hE
 T . The formulas can also be used for the
torsional spring derivatives, although it should be noted that the
matrix A is a function of he but not kn, as the spring stiffness matrix
Ks is only imbedded within B.
If eigenvalue derivatives are desired at a given value of λ (less
than the flutter speed λn), these may be computed in a similar
manner to Eq. (18):
dβk
dx
¼ ðψ
L
kÞT  ∂B∂x −βk⋅ ∂A∂x
	 
  ðψRk Þ
ðψLkÞT  A  ðψRk Þ
ð19Þ
where explicit derivatives of A and B are easily computed using
Eqs. (3) and (4). If eigenvalue derivatives are desired at the flutter
speed λn, then an implicit λ-dependence must be included in the
chain rule:
dβnk
dx
¼
ðψLnk ÞT  ∂B
n
∂x −β
n
k⋅
∂A
∂x
 
 ðψRnk Þ
ðψLnk ÞT  A  ðψRnk Þ
þ ∂βk
∂λ
 ∂λ
n
∂x
ð20Þ
where Bn is evaluated at the flutter point, and the derivative ∂βk/∂λ
is available from Eq. (18). The flutter point derivative ∂λn/∂x is
needed to complete Eq. (20), but also because λn will be used as a
constraint on its own. It may be computed by considering the
aeroelastic damping at the flutter point, which is by definition zero
regardless of the design/random variable vector:
Gn ¼maxðRe ðβnkÞÞ ¼ 0-
dGn
dx
¼ ∂G
n
∂x
þ ∂G
∂λ
⋅
∂λn
∂x
¼ 0 ð21Þ
∂λn
∂x
¼ − ∂G
∂λ
 −1
⋅
∂Gn
∂x
ð22Þ
The term ∂G/∂λ is the real part of Eq. (18) (which has already
been computed for use in Eq. (17) during the flutter point search),
and the term ∂Gn/∂x is the real part of Eq. (19), with the mode
number k in both equations corresponding to the flutter mode.
3. Deterministic optimization
Results for a series of deterministic flutter optimization cases
are provided first, as a logical comparison to the RBDO cases
discussed later. The optimization problem, solved with the method
of moving asymptotes (MMA) [43] is stated as
min
x
v:
s:t: :
xminoxoxmax
λn≥λncr
Δωk≥εω k¼ 3;…;Nm
8><
>: ð23Þ
The design variables for this problem are the thicknesses of each
finite element: x¼ h1 h2 ⋯ hE
 T . Each thickness variable is
Fig. 2. Normalized eigenvalue migration for the uniform-thickness panel (kn¼0).
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constrained to lie between xmin and xmax, which for this work are
set to 0.5 ho and 1.5 ho. The design variables are passed through
a spatial filter prior to evaluation of Eq. (15) for eigenvalue
and flutter computations. This is done via a linearly-decaying
cone-shape function developed in Ref. [44] for topology optimiza-
tion problems, with a radius equal to 6% of the panel length a. This
restriction technique was found to provide smoothly-varying
optimal thickness distributions, as intended.
The objective function in Eq. (23) is the volume of the panel v,
which is normalized such that for a baseline uniform thickness panel
(he¼ho), v is equal to one. Since the material density is uniform, this
effectively means that panel weight is being minimized. A constraint is
placed on the minimum allowable flutter speed λncr . This threshold
value is set equal to the flutter speed of the baseline design; no
arbitrary flutter margin is imposed on the problem. Finally, there are a
set of frequency separation constraints
Δωk ¼
min
0≤λ≤λn
Im ðβkðλÞ−βk−1ðλÞÞ≥εω40 k¼ 3;…;Nm ð24Þ
A well-known problem [34,35] in flutter-based structural
optimization is mode-switching, where (during the optimization
process) the critical mode switches from a frequency coalescence
of modes 1 and 2 (as seen in Fig. 2) to a coalescence of modes
2 and 3, for example, or modes 3 and 4. This jump is a
discontinuity in the design space and will prevent convergence
of Eq. (23), particularly if two higher modes coalesce at a much
lower λn than that of the previous design iterate's [35]. Forcing the
imaginary portions of the eigenvalues βk to be separated by some
distance εω at every value of λ between 0 and the flutter speed will
prevent mode switching, and the “nature” of the eigenvalue
migration curves in Fig. 2 will remain unchanged [34]. A finite
number of modes, Nm, are considered in this constraint.
The eigenvalues in Eq. (24) have been ordered based upon their
imaginary parts: lowest to highest. The point of minimum separa-
tion between two modes (βk−1 and βk) is λΔωk , and may coincide
with λn. If the λ-marching method described above is used to
locate an initial guess for the flutter point, λΔωk and Δωk for each
mode pair will be available at the end of this process. These will
only be approximate values, but provided Δλ is of a moderate size,
their accuracy will be acceptable for the current purpose. The
frequency separation Δω2 is of no consequence (as interactions
between modes 1 and 2 will always cause flutter, and λΔω2 is
always equal to λn), and so k starts at 3 in Eq. (24). If, for two
consecutive eigenvalues, this frequency separation is minimum at
the flutter point ðλΔωk ¼ λnÞ, then the constraint gradients may be
computed with Eq. (20). If, on the other hand, the point
of minimum separation occurs at any other point ðλΔωkoλnÞ,
Eq. (19) is used. This is because Eq. (24) is a local minimum:
∂(Δωk)/∂λ¼0, and so the second term in the chain rule of Eq. (20)
is zero.
A series of optimal thickness distributions are given in Fig. 3,
each corresponding to a different value of the torsional springs
around the perimeter of the panel kn (normalized by the bending
stiffness D). For these cases, the spring stiffness is spatially
uniform around the plate, considered to be a known deterministic
parameter, and is held fixed during the optimization. The majority
of the thickness variables in Fig. 3 are at the lower (0.5  ho) or
upper (1.5 ho) bounds, with a smooth topological transition
between the two extremes, as ensured by the spatial filter [44].
The initial design for each of these optimization cases is the
uniform thickness plate.
The results of the simply-supported case (kn/D¼0) show two
lobes of high thickness along the centerline (x-axis) of the plate,
which is qualitatively very similar to two-dimensional panel
results published in Refs. [29,33]. Spanwise members attached to
the sides of the plate are present as well, though these are
removed in the optimal design for a slightly higher spring stiffness
of kn/D¼0.2. Further increases in the torsional stiffness leads to a
constant shift in the thickness distribution, with four lobes of
high-thickness along the centerline for kn/D¼4.0 (which is high
enough for the plate to be considered clamped along all sides). The
topology at kn/D¼0.4 appears to be an outlier, however, with the
centerline towards the trailing edge at the minimum thickness
gage: the rearward lobe of high thickness has split into two. It is
further noted that each structure in Fig. 3 shows asymmetries
between the leading half and the trailing half of the panel,
presumably due to the biasing effect of the flow vector.
Convergence histories for these six cases are given in Fig. 4,
which plots the flutter speed λn of the panel as a function of the
objective v. For increasing values of torsional spring stiffness, the
baseline designs are noted; each starts with a volume of unity
(uniform thickness plate), while the flutter speed increases from
533.9 (kn/D¼0) to 854.2 (kn/D¼4.0). This latter value compares
well with the flutter speed of a clamped panel drawn in Ref. [4].
The flutter speed of the baseline design is designated as the critical
constraint boundary λncr . A dashed line is drawn at this value for
each case in Fig. 4, below which the convergence history should
not cross. For some of the cases (kn/D¼0, 0.2, 1.2), the optimizer
increases the volume during the first few iterations, which is due
Fig. 3. Optimal (deterministic) thickness distributions for increasing stiffness of the torsional edge springs.
Fig. 4. Convergence histories for deterministic optimization.
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to an initial violation in the frequency separation constraints (not
shown). For the other cases, the optimizer is able to immediately
decrease the volume and satisfy the frequency separation
constraint simultaneously.
Beyond the first few iterations, convergence histories in Fig. 4
proceed from right to left, and the process is terminated when the
change in the volume between two successive iterations is less
10−5. As would be expected, the flutter constraint is ultimately
active for each case, such that the optimal design and the baseline
design flutter at the same value of λ. The simply supported case
(kn/D¼0) is able to decrease the volume of the panel from 1 to
0.756, whereas the clamped case (kn/D¼4.0) decreases the volume
to 0.684. As above, the case of kn/D¼0.4 is fundamentally different
from its adjacent cases: it has a lower volume, and takes far more
iterations to converge than any other case (202, whereas the next
highest is 167 iterations for kn/D¼0).
The convergence of the frequency separation constraints has
not been shown, but these are typically active as well. Eigenvalues
for both the baseline and the optimal panel structures are shown
in Fig. 5 for kn/D¼0, where the uniform-thickness baseline data is
repeated from Fig. 2. The two panels flutter at the same point
(533.9), though the flutter frequency ω* of the optimal panel is
higher (despite lower natural vibration frequencies). The required
frequency separation between two modes has been (arbitrarily)
set to εω¼0.4 ωo for all of the cases in this paper. For the optimal
design in Fig. 5, this constraint is clearly not active between modes
2 and 3, but Δω4 is active at λΔω4 ¼260 (well below the flutter
speed), and Δω5 is active at λΔω5¼533.9 (equal to the flutter
speed).
The implication of these two constraints is that, if Δω5 was
dropped from the set of constraints, the critical flutter mode
would begin to switch from a mode 1–2 coupling to a mode 4–5
coupling during the optimization process. This discontinuity
would hinder further convergence, but both flutter mechanisms
occur at about the same point. On the other hand, if Δω4 were
dropped, the flutter mode would switch to a mode 3–4 coupling,
at which point the flutter speed would experience a drastic
decrease to an infeasible flutter point (260). This is demon-
strated in Ref. [35]; the authors of that paper also note that lower
values of εω (i.e., making the constraint easier to satisfy) improves
the performance of the optimal design, but decreases its robust-
ness in terms of mode-switching and higher-mode flutter. These
concepts will not be explored here, however.
4. RBDO: uncertain boundary conditions
As noted by Pettit [2], epistemic model-form uncertainties
concerning the boundary conditions of a panel (idealized as simply
supported) may be “converted” into a parameter-based aleatory
uncertainty with the inclusion of the rotational springs along the
panel boundary seen in Fig. 1. Such a conversion comes with
several caveats, of course, the most important of which is that
details of the physical connection between the panel and its
supports are lost, along with the exact stress distribution along
the edges of the panel [2].
The random torsional stiffness of each spring kn is assumed to
have a Weibull distribution, a choice made in Ref. [4] also. This
distribution is entirely defined by a scale factor αk and a shape
factor γk: a range of values for the scale factor are considered here,
but the shape factor is fixed at unity. As such, the mean of the
random variables is always equal to αk, the probability density
function (PDF) is maximum at kn¼0 (negative values of kn are
obviously infeasible) and monotonically drops to zero as kn tends
to infinity. Qualitatively, the panel is intended to be simply-
supported, but (much) stronger boundary conditions are possible.
Before developing an RBDO framework, relationships between
the Weibull distribution and panel flutter are explored. The
random variable vector r is populated with two independent
members: the torsional stiffness of every rotational spring along
the leading and trailing edge of the panel (r1) and the stiffness of
every spring along the panel sides (r2). Each is varied from a
normalized value of kn/D¼0 to 2, and the resulting flutter speed
is plotted in Fig. 6(a). As above, λn varies between 533.9 (simply-
supported) and 854.2 (clamped). Then, assuming a scale factor
αk/D¼0.8 (which will also be the mean value, marked with a “+”
in the figure), the vector r is converted into standard normal space
u [45]:
u¼ TðrÞ-ui ¼Φ−1ð1−e−ðri=αkÞ
γk Þ ð25Þ
Flutter results in u-space are given in Fig. 6(b), where it is
understood that a ui of −∞ maps to a ri of 0, and ui of ∞ maps to a
ri of ∞, and the transformation T is strongly nonlinear. A dashed
line indicating a reliability index β¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðuT  uÞ
p
is drawn in the
figure for an arbitrary value of 1, and this circle can be mapped
back into the physical space in Fig. 6(a). The point with the
minimum flutter speed on the circle is the MPP, and is marked
with an asterisk. The curvatures in the u-space are moderate at
this point, and so FORM should be fairly accurate in computing a
failure probability [15]. The torsional stiffness along the sides of
the panel (r2) has a weak effect upon the flutter speed however,
and so the exercise is repeated by setting the stiffness along the
sides equal to zero, letting r1 be the leading edge stiffness, and r2
be the trailing edge stiffness. The curvature at the MPP in this case
(Fig. 7) is significant, and the computation Pf¼Φ(−β) will under-
predict the failure probability.
Despite these potential accuracy issues, FORM is commonly
considered the best choice for complex physical problems with a
Fig. 5. Normalized eigenvalue migration for the uniform-thickness panel and the optimal panel (kn¼0).
B. Stanford, P. Beran / Finite Elements in Analysis and Design 70–71 (2013) 15–2620
large number of variables [21], and will be used for all of the RBDO
results presented here. Curvatures of the eigenvalue and flutter
metrics could conceivably be computed for a second-order relia-
bility analysis (SORM), as demonstrated by Verhoosel et al. [19], or
alternatively could be approximated with quasi-Newton methods.
For PMA-based SORM, however, the design-dependence between
β and Pf induces a significant nonlinearity, and third-order gra-
dients are needed for exact RBDO design derivatives [46]. Further-
more, all of the commonly-used SORM approximations have
accuracy issues in various situations: negative curvature, saddle
points, low reliability indices, large numbers of random variables,
etc. [47], all of which the optimizer may exploit. Further studies
are needed to assess whether the use of second-order RBDO
methods would arrive at flutter-optimal designs significantly
different than those obtained here.
Turning now to the development of the RBDO framework, this
section considers a set of deterministic design variables
x¼ h1 h2 ⋯ hE
 T , the thickness of each finite element, and
an entirely separate set of random variables
r¼ k1 k2 ⋯ kN
 T , which is the torsional stiffness of the
rotational spring at each boundary node. These random variables
are uncorrelated and independent, though a random field approx-
imation (used for spatial variability in elastic modulus in Refs.
[4,17]) may be more appropriate. For this work, spring stiffness
variables are sent through the same spatial filter [44] used for
thickness variables, prior to flutter computations, providing some
level of realistic spatial correlation. This method precludes the
need for more complex transformations [15] than used in Eq. (25),
as the variables explicitly handled by FORM remain uncorrelated.
A performance function is g(r,x), where a negative value
implies an unacceptable design (failure). For this work, failure
occurs when the flutter speed becomes less than the desired
threshold ðg ¼ λn−λncrÞ. Each design in Fig. 4 is “safe” in a determi-
nistic sense, as the flutter constraint is always active, but the
failure probability Pf of each will be close to 0.5. In order to
improve their reliability, the PMA approach first identifies a target
reliability index βt. The following optimization problem is then
solved in the u-space [25] (with the design variables x held fixed):
min
u
gðu; xÞ s:t: :
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðuT  uÞ
q
¼ βt

ð26Þ
This problem is efficiently solved with the conjugate mean-value
method (CMV) [27], which is found to be superior to the general-
purpose MMA optimizer for these cases (as it is specifically
tailored to solve Eq. (26)), and requires the gradient:
∂g
∂u
¼ ∂g
∂r
⋅
∂r
∂u
ð27Þ
The gradient ∂g/∂r may be computed using the flutter derivative
computation of Eq. (22) (replacing r for x in that equation), while
∂r/∂u reflects the inverse of the transformation given in Eq. (25):
r¼T−1(u). The optimal point of Eq. (26) is unβ ¼ βt (the MPP) and the
probabilistic performance measure is gn ¼ gðunβ ¼ βt ; xÞ. An example
of this process is demonstrated in Figs. 6 and 7, for problems with
two random variables.
The RBDO problem is then formulated as
min
x
v s:t: :
xminoxoxmax
gn≥0
Δωk≥εω k¼ 3;…;Nm
8><
>: ð28Þ
This is identical to the deterministic Eq. (23), except that the
flutter constraint has been replaced with a constraint that the
performance measure remains positive. Like the flutter constraint,
this constraint is expected to be active at the optimal design. The
Fig. 7. Flutter speeds as a function of the leading and the trailing edge torsional spring stiffness: physical space (a) and standard normal space (b).
Fig. 6. Flutter speeds as a function of the leading/trailing edge and the panel side torsional spring stiffness: physical space (a) and standard normal space (b).
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design gradients are computed as
dgn
dx
¼ ∂g
n
∂x
þ ∂g
n
∂u
⋅
∂unβ ¼ βt
∂x
ð29Þ
The first term in Eq. (29) is an explicit dependence; the second
term is an implicit dependence via changes in the location of the
MPP. It can be shown [22] via the optimality conditions of Eq. (26)
that since the MPP is constrained to have a certain reliability index
βt, the performance measure does not depend on u. As such, the
total derivative can just be evaluated at the MPP: dgn/dx¼∂gn/∂x,
which is computed using Eq. (22). This optimization problem, like
the deterministic case, is solved using MMA.
Contrastingly, the RIA approach locates the closest point on the
failure surface (g¼0), which is the MPP, and then optimizes such
that this distance never becomes less than βt. For very simple
design spaces and random spaces, the PMA and the RIA approach
will give the same optimal design x and the same MPP (Allen and
Maute [22] show that the two approaches converge to essentially
the same point for complex aeroelastic problems as well, though
this should be problem dependent). The reliability problem in
Eq. (26) is far less susceptible to the strong nonlinearities induced
by the non-uniform random variables considered here [26],
however.
It is also noted that the frequency separation constraints in Eq.
(28) are still deterministic, constrained to be separated by an
arbitrary margin εω. These constraints are largely numerical tools
to ensure a smooth optimization process [34] rather than physical
considerations, though larger values of εω can be thought of as
increasing the probability that the fundamental flutter mechanism
remains an interaction between the first two modes (and as such,
decreasing the probability that stochastic variations in the system
parameters may lead to a drastic drop in the flutter speed).
Furthermore, the value of εω used here may be overly conservative,
and so future work can consider probabilistic formulations of
these constraints.
RBDO results for 4 cases are given in Fig. 8: scale factors αk/D of
0.2, 0.4, 0.6, and 1.2. Two of the cases corresponding to those given
in Fig. 3 could not be reproduced here in an RBDO context. For a
scale factor of 0, the transformation of Eq. (25) is not defined. For a
value of 4.0, the CMV method was unable to solve Eq. (26),
presumably due to the strong nonlinearities within the failure
surface around unβ ¼ βt . Focusing first on the RBDO result for
αk/D¼0.2, the deterministic optimum of Fig. 3 is used as an initial
baseline design, and the flutter speed of this result (657.3) is set as
the critical threshold λncr . This value, of course, is the same
constraint boundary used during the deterministic optimization,
as it is the flutter speed of the uniform-thickness panel. At the first
iteration, the flutter speed of the design whose random variables
are all set to their mean values (kn¼αk) is 657.3, but the flutter
speed at the MPP (βt¼3) is much lower: λnβ ¼ βt ¼564.9. As such, the
probabilistic performance measure gn is −92.4, and so the baseline
design is infeasible, as expected.
Within four iterations, the optimizer is able to push the flutter
speed of the MPP onto the λncr constraint boundary (g
n¼0), and
then spends another 50 iterations traveling along this boundary in
an effort to decrease the panel volume. Upon convergence, the
inclusion of uncertainty in the boundary conditions has increased
this objective function by 3.94% over the deterministic design. The
performance of the mean design (which is not provided to the
optimizer at any point, but is shown here for completeness) has
been increased above the constraint boundary to λn¼729.2. The
flutter margin for this case is 9.9%, which is far lower than the (in
this instance) overly-conservative value of 15% cited in Ref. [2]. Of
course, if larger values of βt were required (smaller probability of
failure), or Weibull distributions with a larger variability, this may
no longer be the case.
The remaining three cases in Fig. 8 (αk/D¼0.4, 0.6, 1.2) proceed
in a similar manner, where it is understood that these cases each
use a different deterministic optimum (Fig. 3) as their baseline
starting point. Setting the normalized scale factor to 0.4 forces the
largest compromise between reliability and mass (5.31% increase
in mass), while the optimal design under αk/D¼1.2 has the lowest
flutter margin, where λn of the mean design is only 6.3% above the
critical value. Interestingly, each case spends the majority of the
design iterations with the MPP directly at λncr , but during this time
the flutter speed of the mean design decreases (substantially so for
the higher scale factors). This is not explicitly done, as the mean-
flutter metric is never provided to the optimizer, but does indicate
a fundamentally different set of design requirements between the
two structures.
These differences are seen in Fig. 9, which gives the determi-
nistic optimal thickness distribution (repeated from Fig. 3) on one
side of each panel, the new reliability-based optimum on the other
side, the distribution of torsional spring stiffness along the
perimeter for the MPP of each design, and an indication of the
mean spring stiffness (scale factor), for each of the four cases in
Fig. 8. For a normalized shape factor of αk/D¼0.2, topological
differences between the deterministic structure and the reliability-
based structure are minor, despite the fact that the latter has a
much higher (deterministic) flutter speed. The reliability-based
design has slightly increased the size of the two high-thickness
lobes along the centerline, which accounts for the 3.94% increase
in mass cited above. This increases the stiffness of the panel, and
gives it a higher flutter reliability, as desired.
Slight increases in the topological features are evident in the
RBDO results for the remaining three cases in Fig. 9 as well. Each of
these deterministic structures allocates material directly at the
centerline of the leading and trailing edges, where the thickness of
Fig. 8. Convergence histories for reliability-based design optimization with uncertain boundary conditions.
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these elements increases with the edge spring stiffness. The RBDO
results remove this material almost entirely (a substantial topolo-
gical change related to the advent of uncertainties), and reallocates
it to increase the aforementioned high-thickness lobes. This is an
interesting trend, given that elastic stresses will be very high at the
panel edges (particularly for the nearly-clamped αk/D¼1.2 case),
but the optimizer has found a way to remove material here and
also increase the deterministic flutter speed: inertial forces (M⋅ €u in
Eq. (11)) would seem to play a large role, though additional factors
are discussed below.
The MPP drawn around the perimeter of each panel is given in
the physical space r¼ k1 k2 ⋯ kN
 T rather than the stan-
dard normal space (u). The vector norm of each MPP written in
this space however, ‖unβ ¼ βt‖, is equal to 3, which is the target
reliability index for each RBDO case in Fig. 9. Only the correspond-
ing probabilistic performance measures gn of the reliability-based
optima are equal to zero; gn of each deterministic design is equal
to some negative, infeasible (in the context of Eq. (28)) value. Each
MPP is below the scale factor (or mean) αk/D, as decreasing the
stiffness at the panel boundaries increases the likelihood of flutter,
and the MPP for each case is qualitatively similar. The torsional
stiffness along the panel sides (nsides in Eq. (4)) is relatively high,
with only minor undulations along this edge. This reinforces the
conclusion made from Fig. 6 as well, that these nodes have a lesser
role in determining the flutter speed of the panel.
Contrastingly, uncertainties in the boundary conditions along
the leading and trailing edges (nLE and nTE in Eq. (4)) are very
important, with substantial drops in the MPP's torsional stiffness
along these boundaries, particularly at the centerline. This poten-
tially explains the reliability-based optimizer's willingness to
remove material from this area (discussed above), as at the critical
MPP, the boundary stiffness is low enough to emulate a simply-
supported boundary condition, and so the edge stresses will be
moderate. The MPP of the deterministic designs typically have
slightly lower spring stiffnesses than their RBDO counterparts,
though the leading edge of the αk/D¼0.4 case is an exception. This
is also the only case where the MPP along the leading edge and
trailing edges are not largely the same, ostensibly because this
thickness distribution has the greatest asymmetries between the
leading half and the trailing half of the panel.
5. RBDO: non-deterministic thickness design variables
The final section of this paper considers the torsional boundary
springs to be deterministic, prescribed, and spatially uniform
around the perimeter of the panel, as in Section 3. Instead, the
elemental thickness design variables themselves are assumed to
be parameter-based aleatory uncertainties. Like the Weibull dis-
tributions for the edge springs, a non-normal distribution is
needed for this case as well: negative panel thickness values are
obviously infeasible, and substantial deviations from the intended
distribution, though possible, are unlikely to pass visual inspec-
tions prior to incorporation into an aerospace vehicle. Again
setting the design variables x as the thickness of each finite
element, each member of the random variable vector r is uni-
formly distributed:
ri ¼ Uðxi  ð1−hÞ; xi  ð1þ hÞÞ ð30Þ
where the mean value of each distribution is equal to the design
variable (x¼μ(r)), and the range of possible deviations (governed
by h) from this point is proportional to the mean. The value of h
must be less than unity (to prevent negative thicknesses) and
should be relatively small. The same value of h is used for each
finite element, and so the coefficient of variation is constant across
the panel.
As above, the random variables are statistically independent,
but the thickness field is passed through a spatial filter prior to
flutter computations, which provides some correlation. The FORM
analysis is conducted in the standard normal space, and the
Fig. 9. Deterministic and reliability-based optimal thickness distributions, and their corresponding edge spring MPPs, for different scale factors αk/D.
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transformation is
u¼ TðrÞ-ui ¼Φ−1ððri−xi þ xi  hÞ=ð2  xi  hÞÞ ð31Þ
Otherwise, the gradient-based optimization needed to find the
MPP (Eqs. (26) and (27)) remain the same as in the previous
section. The formulation of the RBDO problem (Eq. (28)) is the
same as well, though the design gradients of the probabilistic
performance measure, dgn/dx, must now reflect the fact that the
design variables are non-deterministic:
dgn
dx
¼ ∂g
n
∂r
⋅
∂r
∂x
 
u ¼ unβ ¼ βt
ð32Þ
The two terms in this chain rule are both evaluated at the MPP
unβ ¼ βt . The first gradient is computed via the flutter derivative
computation of Eq. (22), and the second is a diagonal matrix:
∂ri
∂xi
¼ ð1−hÞ þ 2  h Φðuni; β ¼ βt Þ ð33Þ
where uni; β ¼ βt is the ith member of the MPP u
n
β ¼ βt .
Two RBDO cases with non-deterministic design variables are
given here. Both utilize a simply-supported boundary condition
(kn/D¼0), a target reliability index (βt) of 3.0, and a thickness
bound h of 0.2 (i.e., each thickness variable can vary by 720% from
its mean value). One case utilizes the deterministic optimum for a
simply supported plate (seen in Fig. 3) as an initial baseline design,
as was done for each RBDO result in the previous section. The
second case uses a uniform-thickness plate as a baseline, as was
done for each case in Section 3. Both cases have the same critical
flutter constraint, λncr¼533.9. Similar exercises were conducted for
stronger boundary conditions (higher values of kn/D), but only the
simply-supported case showed substantial topological differences
between the deterministic and the reliability-based optimum, and
any difference at all between the two different starting points.
Results for the first case can be seen in Fig. 10. The determi-
nistic optimum baseline is repeated from Fig. 3, and the MPP (in
the physical thickness space) of this design is given on the lower
half of the panel. As would be expected, the location on the surface
‖u‖¼ βt which minimizes the flutter point largely involves a
decrease in the thickness, as this weakens the panel. To form the
MPP, up to 7% of the material is removed from the high-thickness
lobes along the centerline, and a small amount (1%) is taken
from some variables already at the lower thickness bound 0.5 ho,
though this is not visually evident from the figure. The reductions
are less than the uniform bounds of each random variable (20%),
though the MPP is expected to approach these limits for larger
values of βt. Topological changes in the RBDO result for this case
are largely confined to the trailing edge of the centerline, and the
optimum's MPP has similar thickness reduction trends to the
baseline's.
If a uniform thickness-plate is used as the initial baseline case
however (Fig. 11), the reliability-based optimum is very different
from the result of Fig. 10. The thin spanwise structures attached to
the panel sides have been shortened considerably, and the leading
and trailing halves of the panel are largely symmetric. A final
dependence upon the starting point is a well-known characteristic
of gradient-based optimization, but the simply-supported case is
the only situation studied in which the two baseline designs did
not converge to the same point. A comparison of the two
convergence histories is given in Fig. 12. Data is displayed as
above, where the flutter speed is plotted as a function of the panel
volume, for both the deterministic mean structure and the MPP.
An important difference between this plot and the data of Fig. 8 is
that the MPP has a different volume (typically lower) than its
corresponding mean design.
The convergence of the case with the deterministic optimum as
a baseline is similar to cases given in the previous section: the
Fig. 10. Baseline panel thickness (deterministic optimum), reliability-based optimum, and their corresponding MPPs.
Fig. 11. Baseline uniform-thickness panel, reliability-based optimum, and their corresponding MPPs.
B. Stanford, P. Beran / Finite Elements in Analysis and Design 70–71 (2013) 15–2624
mean structure starts on the constraint boundary (533.9) and is
pushed above it to 608.7, as the probabilistic performance measure
gn of the MPP is increased to zero. The inclusion of uncertainty in
the thickness distribution has increased the mass of the panel by
3.87% over the deterministic design. The case with a uniform-
thickness baseline starts at a volume of unity (the MPP is 2.01%
lighter), and its convergence slows as it reaches a very similar
point in the design space as the previous case. The optimizer
ultimately is able to move away from this area however, and
converges to a structure with a volume that is 4.52% less. The
deterministic flutter point increases substantially during the
second half of this convergence process, and the final flutter
margin is 22.88%, the highest value of any of the cases in this
paper. That this can occur for a structure with such a low mass is a
testament to the highly complex nature of the non-deterministic
thickness design space for panel flutter problems.
6. Conclusions
This paper has studied the structural optimization of a thin,
square panel with high-speed supersonic flow over the top sur-
face. The elastic surface is discretized into finite elements, and the
thickness of each is utilized as a design variable. A deterministic
gradient-based optimization problem is formulated that seeks to
minimize the mass of the panel subject to an aeroelastic flutter
speed constraint, and a series of frequency-separation constraints
(which prevent the formation of higher-mode flutter points during
the optimization process). A second optimization problem replaces
the deterministic flutter constraint with a constraint on the
maximum allowable probability that the panel will flutter (i.e.,
fail). For this RBDO exercise, the boundary conditions of the panel
are parametrically uncertain. A series of torsional springs are
placed along the panel's perimeter, each with a Weibull distribu-
tion governing its random stiffness. Failure probabilities are
computed using FORM-based PMA methods. A final RBDO pro-
blem considers non-deterministic thickness design variables, each
uniformly-distributed about a prescribed mean thickness. Results
for each optimization study are given in terms of different mean
values for the torsional springs along the perimeter (either
prescribed or uncertain), and different critical flutter boundaries.
In some cases, the introduction of uncertainties into the structural
optimization problem provides a change in the topological dis-
tribution of stiffness and mass throughout the fluttering panel.
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